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Abstract 

In the present paper we have considered h-Randers conformal change 
of a Finsler metric L, which is defined as 

L(x, y) L(x, y) = e a ^L(x, y) + /3(x, y), 

where <r(x) is a function of x, /3(x,y) = bi(x,y)y l is a 1- form on 
M n and bi satisfies the condition of being an h-vector. We have ob¬ 
tained the expressions for geodesic spray coefficients under this change. 
Further we have studied some special Finsler spaces namely quasi-C- 
reducible, C-reducible, S3-like and S4-like Finsler spaces arising from 
this metric. We have also obtained the condition under which this 
change of metric leads a Berwald (or a Landsberg) space into a space 
of the same kind. 
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1 Introduction 


Let M n be an n-dimensional differentiable manifold and F n be a Finsler 
space equipped with a fundamental function L(x,y),(y l = x 1 ) of M n . If 
a differential 1-form /3(x,y) = bi(x)y l is given on M n , M. Matsumoto [7] 
introduced another Finsler space whose fundamental function is given by 

L(x,y) = L(x,y) + P(x,y) 

This change of Finsler metric has been called /3-change EDI El. 

The conformal theory of Finsler spaces was initiated by M.S. Knebelman [6] 
in 1929 and has been investigated in detail by many authors m El El HI. The 
conformal change is defined as 

L(x,y) e a ^L(x,y), 

where a(x) is a function of position only and known as conformal factor. 

In 1980, Izumi [3J introduced the h-vector b, which is v-covariantly constant 
with respect to Cartan’s connection CT (i.e. b t \j = 0) and satishes the 
relation LC^jbh = ptkj , where CA are components of (h)hv-torsion tensor 
and hij are components of angular metric tensor. Thus the h-vector is not 
only a function of coordinates x l , but it is also a function of directional 
arguments satisfying Ldjbi = phij. 

In the paper m s. H. Abed generalized the above two changes and have 
introduced another Finsler metric named as Conformal (3- change and further 
Gupta and Pandey [15] renamed it Randers conformal change and obtained 
various important result in the hied of Finsler spaces. Recently we |13| have 
generalized the metric given by S. H. Abed with the help of h-vector and 
have introduced another Finsler metric which is defined as 

L{x,y) = e a{x) L(x,y) + p(x,y), (1.1) 

where a(x) is a function of x and P(x,y) = b i {x 1 y)y l is a 1- form on 
M n and 6* satishes the condition of being an h-vector, We call the change 
L(x,y ) —> L(x,y) as h-Randers conformal change. This change generalizes 
various types of changes. When [3 — 0, it reduces to a conformal change. 
When a — 0, it reduces to a h-Randers change [9j. When [3 — 0 and a is a 
non-zero constant then it reduces to a homothetic change. When b t is func¬ 
tion of position only and a = 0, it reduces to Randers change[T2]. When bj 
and a are functions of position only, it reduces to Randers conformal change 
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DUES]. 


In the present paper we have obtained the expressions for geodesic spray 
coefficients under this change. Further we have studied some special Finsler 
spaces namely quasi C-reducible, C-reducible, S3-like and S4-like Finsler 
spaces arising from this metric. We have also obtained the conditions under 
which this change of metric leads a Berwald (or a Landsberg) space into a 
space of the same kind. 

2 h-Randers conformal change 

Let the Cartan’s connection of Finsler space F n be denoted by CT = (Ff k . C -, Cf k ). 
Since bi(x,y ) are components of h-vector, we have 

(a) bi\j = djbi - bhCij = 0 (6) LC^b h = ph ij (2.1) 

Hence we obtain 

djbi = L~ x phij ( 2 . 2 ) 

Since h V] are components of an indicatory tensor i.e. h l3 y 3 = 0, we have 
difi = hi. 

Definition 2.1. Let M n be an n-dimensional differentiable manifold and F n 
be a Finsler space equipped with a fundamental function L(x, y), ( y l = x l ) of 
M n . A change in the fundamental function L by the equation (1.1) on the 
same manifold M n is called h-Randers conformal change. A space equipped 
with fundamental metric L is called h-Randers conformally changed Finsler 
space F n . 

Differentiating equation (1.1) with respect to y l , the normalized support¬ 
ing element h = d,L is given by 


h — G a li + bi , (2-3) 

where U = diL is the normalized supporting element U of F n . 

Differentiating (2.3) with respect to y 3 and using (2.2) and the fact that 
djli = L~ l hij, we get 

h i:j = fhij, (2.4) 

where <f> = L~ l L(e a + p) and h %1 = LdidjL is the angular metric tensor in 
the Finsler space F n . 
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Since h l3 = g tJ — Ifj, from (2.3) and (2.4) the fundamental tensor g i3 = 
didj^ = hij + JJj is given as 

fjij — (p9ij + hbj + e a (bilj + bjli ) + (e 2a — 4>)lilj (2-5) 

It is easy to see that the det(^) does not vanish, and the reciprocal tensor 
with components g of F n , obtainable from g^cjjk — $1, is given by 

g ij = (fi-'gv - plH j - f)~ 2 (e c + p){Tb> + VV), (2.6) 

where p = (e a + p) 2 f>~ 3 (e rT — b 2 — 0), b 2 = bib\ b l = g lJ b 3 and g is the 
reciprocal tensor of g l3 of F n . 


We have following lemma [13j : 

Lemma 2.1. The scalar p used in the condition of h-vector is a function of 
coordinates x l only. 


From equations (1.1), (2.3) and lemma 2.1 we have 

8i4> = L^ 1 (e <7 + p)m i; 


(2.7) 


where 

mi = bi~ (L _1 /3)^ (2-8) 

Differentiating (2.4) with respect to y k and using (2.3), (2.4), (2.7) and the 
relation df c h i3 = 2 — L~ l {l, L hjk + Ijhik), the Cartan covariant tensor C tJ k 
is given by 


Cijk fdijk + 


+ P) 




i ll llh. + h 4- III.:lll !. 


(2.9) 


where CV^ is (h)hv-torsion tensor of Cartan’s connection CT of Finsler space 
F n . 


From the definition of m*, it is evident that 


(a) ?7ijZ* 
(c) gijm 1 


0 , ( b ) niib 1 

hijm 1 = nij, 


= b 2 
(d) 


L 2 

C ih jrn h 


b t rn\ 

L phij 


From (2.1), (2.6), (2.9) and (2.10), we get 

c% = Cj + F(h tj m h + hjini + p mj ) - ={{p + F( b * - 

(5 2 L 

)} h ij + 


( 2 . 10 ) 


( 2 . 11 ) 
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Proposition 2.1. Let F n = (. M n ,L ) be an n-dimensional Finsler space 
obtained from the h-Randers conformal change of the Finsler space F n = 
( M n ,L ), then the normalized supporting element k, angular metric tensor 
hij, fundamental metric tensor g,j and (h)hv-torsion tensor Cijk of F n are 
given by (2.3), (2.4), (2.5) and (2.9) respectively. 

3 Geodesic Spray coefficients of F n 

Let s be the arc-length of a curve x l = x l {t) on a differentiable manifold 
M n , then the equation of a geodesic [5] of F n = (M n ,L) is written in the 
well-known form: 



(3.1) 


where functions G l \x,y) are the geodesic spray coefficients given by 


2 G i = g ir (y j d r d j F - d r F), F = 


Now suppose s is the arc-length of a curve x l = x l {t) on a differentiable man¬ 
ifold M n in the Finsler space F n = (M n ,L), then the equation of geodesic 
in F n can be written as 



(3.2) 


where functions G l (x,y) are given by 

2 G i = g ir (y j d r djF - d r F), F = 

Since ds = L(x , dx ), this is also written as 

ds = e a ^L(x, dx) + b,(x, y)dx l = e a( ' x ' ) ds + hix, y)dx l 
Since ds = L(x , dx), we have 



(3.3) 


Differentiating (3.3) with respect to s, we have 


d 2 x z _ d 2 x l f r a(x) | L dx l ~\ 2 i dx 1 ( de G ^ i dbj dx 1 i r d 2 x x \ 

ds 2 ds 2 L * ds -I ds ' ds ds ds * ds 2 ' 


ds ^ ds 
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Substituting the value of from (3.3), the above equation becomes 


dx l 

ds 


de a{x) 


sfi rfd /~J 2 rfd rl rfd 

Ll d _ U X r rr(x) i r ax 12 _|_ 

ds 2 ds 2 1 (is [e°U) + V ds 


+ 


ds 

dbj dx l 


d 2 x l , 
(is ds * cis 2 ' 

Now differentiating equation (1.1) with respect to x l we have 

diL = + Bi , 

where A t = Ldicr + diL and Bi = di{b r (x, y)}y r . 


(3.4) 


(3.5) 


Differentiating above equation with respect to r/ J we have 

djdiL = e a djAi + <9ji?j, (3.6) 

where <9j7b = IfliO + djdiL and djBi = 9j{9j6 r (x, r/)}r/ r + d i b r {x 1 y)5). 


Since 

2G r = yi(l r djL + Ld r djL) — Ld r L 

therefore using equations (2.3), (3.5) and (3.6) we have 

2 G r = 2 e 2a G r + y j {2e 2a l r Ldj(j + e a {l r Bj + b r Af) + b r Bj + (3.7) 

e a Ld r Bj + pe a d r Aj + f3d r Bj} - (e 2r7 L 2 d r a + e"/,/!,. 

+/3e CT A r + (3B r ), 

where G> = yi {l r djL-\-Ld r djL} — Ld r L is the spray coefficients for the Finsler 
space F n . 


Using equations (2.6) and (3.7) we have 

& = JG l + M\ (3.8) 

where G l = g ir G r: J — and M l = 1 e 2a G r {—pl l V — 4>~ 2 {e a + p)(l l b r + 
l r W )} + - ylT - (t)~ 2 (e a + pj^F + r6 i )][^{2e 2<T i r L^(j + e a (l r B j + 

b r Aj) + b r Bj + e u Ld r Bj + (3e a d r Aj + j3d r Bj} — ( e 2a L 2 d r a + e a LB r + (3e a A r + 

W)]. 

Theorem 3.1. Lei F n = (M n , L) be an n-dimensional Finsler space obtained 
from the h-Randers conformal change of the Finsler space F n = ( M n ,L ), 
then the the geodesic spray coefficients G l for the Finsler space F n are given 
by (3.8) in the terms of the geodesic spray coefficients G l of the Finsler space 
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Corollary 3.1. Let F n = (. M n ,L ) be an n-dimensional Finsler space ob¬ 
tained from the h-Randers conformal change of the Finsler space F n = 
(M n ,L), then the equation of geodesic of F n is given by (3.2), where ^§- 
and G l are given by (3.4) and (3.8) respectively. 


4 C-reducibilty of F n 

Following Matsumoto [8], in this section we shall investigate special cases 
of the Finsler space with h-Randers conformally changed Finsler space F n . 

Definition 4.1. A Finsler space ( M n , L) with dimension n > 3 is said to be 
quasi- C-reducible if the Cartan tensor Cijk satisfies 


Gjjk Qij C k T Qj / ( - Cf -(- Q ki C : 


3i 


(4.1) 


where Q t j is a symmetric indicatory tensor. 

Substituting h = j in equation (2.11) we get 

Ci = Ci + ^p-rm (4.2) 

Using equations (2.9) and (4.2), we have 

Cijk ((Cijk F { hij ( C k C k )), 

where 7 r^j k ) represents cyclic permutation and sum over the indices i,j and 
k. 


The above equation can be written as 

Cijk — (Cijk + ( n + 1 ) ^(ijk) ( hijC k ) — (ijk){hij Ck) 

Thus 

Lemma 4.1. In an h-Randers conformally changed Finsler space F n , the 
Cartan’s tensor can be written in the form 

Cijk '^{ijk){FIjjCif T Vijki (4.3) 

where Hij (n+i) Ujfc (Cijk (n-\- 1) ^"(u k) (hij C k ) • 

Since Hij is a symmetric and indicatory tensor, so from the above lemma 
and (4.1) we get 
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Theorem 4.1. An h-Randers conformally changed Finsler space F n is quasi- 
C-reducible if the tensor Vijk of equation (f.3) vanishes identically. 

We obtain a generalized form of Matsumoto’s result known [8] as a corol¬ 
lary of the above theorem 


Corollary 4.1. If F n is Reimannian then an h-Randers conformally changed 
Finsler space F n is always a quasi-C-reducible Finsler space. 


Definition 4.2. A Finsler space ( M n ,L ) of dimension n > 3 is called C- 
reducible if the Cartan tensor Cijk is written in the form 


Cijk 


(n + 1) 


{hijCk ~t~ h ki Cj F hjkCf) 


(4.4) 


Now from equation (2.9) and definition of C-reducibility we have 


4*C'ijk ^{ijk) (h t jN k ), (4.5) 

where Nk = jppp^Ck — jfJ n k- Conversely, if (4.5) is satisfied for certain 
covariant vector TV),- then from (2.9) we have 

Cijk — / _|_ j \ ft(ijk) (hijCk) (4-6) 

Thus we have 


Theorem 4.2. An h-Randers conformally changed Finsler space F n is C- 
reducible iff equation (f.5) holds good. 

Corollary 4.2. If the Finsler space F n is C-reducible Finsler space, then 
an h-Randers conformally changed Finsler space F n is always a C-reducible 
Finsler space. 


5 Some Important tensors of F" 

The (’-curvature tensor [8] of Finsler space with fundamental function L 
is given by 


Q _ rir _ rv r^r 

&hijk ^ijr^ hk {< ~ y ikr'^ y hj 

Therefore the '((-curvature tensor of an h-Randers conformally changed Finsler 
space F n will be given by 

q _ Ff Ffr Ff Ffr 

F>hijk ^ijr^ hk ^ikr^hj 
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(5.1) 





From equations (2.9) and (2.11) we have 


— — o tt? i 

CijrC r h k = ^[CijrClk + (-^jr — -^j)hhkhij + --^(Cijkrrih + (5.2) 

C ijh m k + Cihkirij + C hjk mi) + ~{h hj mim k + 

h hi mjm k + h jk mim h + h ik m h mj )\, 

where h jr C r hk = C jhk = WjCrhk, nrum 1 = m 2 . 

Using equations (5.1) and (5.2) we have 

— p IT? 1 

Shijk 4*[Shijk "F ( h'hjh'ik} H“ (5.3) 

-h hk m,imj + h ik m h mj - hijm h m k }] 

Proposition 5.1. In an h-Randers conformally changed Finsler space F n 
the v-curvature tensor Shijk is given by (5.3). 

It is well known[8] that the v-curvature tensor of any three-dimensional 
Finsler space is of the form 

L Shij k S(hhjhi k hh k hij ). (5.4) 


where scalar S in (5.4) is a function of x alone. 

Owing to this fact M. Matsumoto defined the S3-like Finsler space as 

Definition 5.1. A Finsler space F n (n > 3) is said to be S3-like Finsler 
space if the v-curvature tensor is of the form (5.f). 

The v-curvature tensor of any four-dimensional Finsler space may be 
written as [8j: 

Shijk % k ){hhjKki T h ik Khj}, (5.5) 

where K t] is a (0, 2) type symmetric Finsler tensor field which is such that 
Kijyi = 0 and the symbol 0(jfc){...} denotes the interchange of j, k and 
subtraction. The definition of S4-like Finsler space is given as 

Definition 5.2. A Finsler space F n {n > 4) is said to be Sf-like Finsler space 
if the v-curvature tensor is of the form (5.5). 

From equation (5.3) we have 
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Lemma 5.1. The v-curvature tensor Shijk of a h-Randers conformally changed 
Finsler space can he written as 

Shijk S(h H jh ik hhkhij ) “t~ Uhijki (5.6) 

where S = ~ fp) and U hijk = (f[S hijk + ?{h hj mim k - h hk mimj + 

hi k m h mj - h i:j m h m k }] 

From lemma (5.1) and definition of S3-likc Finsler space we have 

Theorem 5.1. ^4n h-Randers conformally changed Finsler space F n is S3- 
like if the tensor Uhijk of equation (5.6) vanishes identically. 

From equation (5.3) we have 

Lemma 5.2. The v-curvature tensor Shijk of an h-Randers conformally 
changed Finsler space can also he written as 

Shijk Q(jk)(h{jR-ij h j k F h j ) T 0 Shijk: (5-7) 

where I< {j = ^rrnnij - \{-f~ - f^)V 

Thus from lemma(5.2) and definition of S4-likc Finsler space we have 

Theorem 5.2. If the v-curvature tensor of Finsler space F n vanishes iden¬ 
tically then an h-Randers conformally changed Finsler space F n is S^-Uke 
Finsler space. 

Now we are concerned with (v) hu-torsion tensor Pij k . With respect to 
the Cartan’s connection CT. = 0, l t \j = 0, h l3 \ k = 0 hold good [8]. 


Taking h-covariant derivative of the equation (2.9) we have 


Ci jk \h = L L{e a a\ h +p\ h ){Cijk +^{h ij m k +h jk mi +hkimj)} (5.8) 
~\~(f{Cij k \h 2 {hijm k \h hj k uii\h h k iTrij\hff , 


where mi\ h = bi\ h - L 1 l i b r \ h y r . 

Lemma 5.3. The h-covariant derivative of the Cartan tensor C^ k of an 
h-Randers conformally changed Finsler space F n can he written as 


Uijk\h ij k \h T Vjjkh • 


(5.9) 


where V ijkh = L 1 L(e a a\ h +p\h){Cij k +~(hi j m k J rh jk miFh ki m j )}+^ L (h ij mk\h J r 
hjkm,\h “I - hkifrij^h)• 
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The (u)/i?_;-torsion tensor P tjk of the Cartan connection CT is written in 
the form 

Pijk C'ijk\Oi 

where the subscript ’O’ means the contraction with respect to the supporting 
element y l . 

From the equation (5.8), the (u)/if-torsion tensor P.\j k is given by 

Pijk ~ 4>Pijk + L 1 L(e CT CT|o + P\o){Cijk + ^Y j {Kj m k + hjk m i + (5.10) 

hki^Lj )} T 2£ j {h'ij m k\0 T hj^TYl’i |o T /i^ ? ;iiij|()} 

Thus we have 

Proposition 5.2. The (v)hv-torsion tensor F l]k of an h-Randers confor¬ 
mally changed Finsler space can be written in the form of (5.10). 

From the equation (5.10) we have 

Lemma 5.4. The ( v)hv-torsion tensor Pij k of an h-Randers conformally 
changed Finsler space can also be written as 

Pijk = (fPijk T !Vijki (5.11) 

where W ijk = L~ l L{e a a\ 0 + p\ Q ){C ijk + {i(hijm k + h jk mi + h ki mj)} + 
2z{hijm k \ 0 T hj k mi\ 0 T h k ^mj^o). 

We have 

Definition 5.3. A Finsler space is called a Berwald space if Cij k \h = 0 holds 
good. 

Definition 5.4. A Finsler space is called a Landsberg space 'if P t]k = 0 holds 
good. 

In view of above definition (5.3) and the lemma (5.3) we have 

Theorem 5.3. If a Finsler space F n is a Berwald space and the tensor Vij k h 
of equation (5.9) vanishes identically then an h-Randers conformally changed 
Finsler space F n is a Berwald space. 

In view of above definition (5.4) and the lemma (5.4) we have 

Theorem 5.4. If a Finsler space F n is a Landsberg space and the tensor 
Wij k of equation (5.11) vanishes identically then an h-Randers conformally 
changed Finsler space F n is a Landsberg space. 
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